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Abstract
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1 In tro duction

In savannas,as well as in boreal and in Mediterranean forests, wild�res are

recurrent, but with remarkably di�erent characteristics.Fires in savannasare

almost periodic surface�res with return times ranging from 1-2 yr in moist

areas(Goldammer (1983)) to 5-10yr in arid areas(Rutherford (1981)). Fires

in northern boreal forestsare also quite regular, but they prevalently involve

crowns (Kasischke et al. (1995)) and occur every 50-200yr (Rowe and Scotter

(1973); Zackrisson (1977); Engelmark (1984); Payette (1989)). By contrast,

in Mediterranean areas,mixed (crown and surface) �res are almost the rule

and occur in an apparently random fashion,with highly variable return times

(Kruger (1983); Davis and Burrows (1994)).

While it is true that natural forest �res originate from random events (mostly

lightning) andarein
uenced by meteorologicalconditions(BessieandJohnson

(1995)), it is alsotrue that �res candeveloponly if there is enoughdry matter

on the ground and if plants are su�cien tly abundant in at least one of the

various vegetational layers of the forest (for a relatively detailed discussion

of this issueseeCasagrandiand Rinaldi (1999) and referencestherein). This

suggeststhe idea that long-term predictions of forest �res can be roughly

performed with deterministic models describing the growth processes,while

morepreciseshort-term predictionscanonly be performedthrough stochastic

models (conceptually comparablewith thoseusedin weather forecast).

Here we proposea simple deterministic model for the long-term prediction of

forest �res in which the vegetationalgrowth is described by standard ordinary

di�erential equations,while �re episodesaremodeledasinstantaneousevents.
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The �re developswhen there is enoughfuel on the ground, and, under suit-

able assumptions,this occurswhen the mix of biomassesof the various layers

reachespre-speci�ed values.The consequenceof a �re is thereforean instanta-

neousreduction of the biomasseswhich is heuristically described by a simple

rule in state space.Modelswith discontinuities of this kind are called \impact

models" and have been�rst usedin mechanics(seeBrogliato (1999) and ref-

erencestherein) to describe the dynamicsof mechanical systemscharacterized

by impacts amongvarious masses.They are quite special and can be usedto

explain a number of rather subtle phenomenalike the \Zeno chattering" (e.g.,

the diminishing return times of the impacts of a ping-pong bouncing ball)

that other models can not explain. Impact models represent the most na•�ve

approach for the description of systemscharacterizedby dynamic phenomena

occurring at very diversi�ed time scales(in our casethe slow building up of

biomassand its fast destruction through �re). They should not be confused

with an apparently similar but substantially di�erent classof models,namely

that of periodically pulsed systemswhere the discontinuity in state spaceis

generatedby a periodic exogenousshock on the system.Many arethe examples

of this secondclassof models in biology: the control of continuously stirred-

tank reactors (Funasaki and Kot (1993)), the study of pulsed chemotherapy

(Lakmeche and Arino (2001)) and vaccination (Shulgin et al. (1998)) and a

number of contributions dealingwith the e�ects of periodic harvesting or im-

migration (Iveset al. (2000); Liu and Chen (2003); Chau (2000);Grant et al.

(1997);Geritz and Kisdi (2004);Reluga(2004)).However, in thosemodelsthe

return time of the discontinuous event is constant and a-priori �xed, while in

our impact model the �re return times are neither constant nor pre-speci�ed

but are endogenouslycreatedby the interactions amongthe various layers of

the forest.
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The impact model we proposein this paper has only two di�erential equa-

tions (i.e. it is a so-calledsecond-ordermodel), one for the lower and one

for the upper layer of the forest. We thereforeexcludefrom our study single-

layered shrublands.The simplest deterministic model available until now for

the study of the dynamics of the �re return times was a standard (i.e. non

impact) fourth-order model (Casagrandiand Rinaldi (1999)) in which the four

state variables are the burning and non burning biomassesof the lower and

upper layers of the forest. It is important to keep in mind that the impact

model we proposein this paper should not be intended as an approximation

to that fourth-order model. However, it can mimic the qualitativ e featuresof

the periodic �re regimesof savannasand boreal forest, as well as the chaotic

�re regimesof Mediterraneanforestssuggestedby the fourth-order model. As

far aswe know, this is also the �rst time that the generalidea behind impact

models is applied in ecology, although forestry and agricultural practicescor-

respond very closelyto the sameidea: harvest when the population reachesa

speci�ed state. For this reason,it would be surprising if related models have

not beenapplied in that context. In any case,there are certainly many other

potential applications, sincepopulation dynamicsare very often the result of

slow dynamical processesinterrupted by short devastating events.

2 The model

A continuous-timeimpact model is describedby a setof n ordinary di�erential

equations

_x(t) = f (x(t)) (1)
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which hold at any point in statespaceexcepton a (n� 1) dimensionalmanifold

X� , where the impact occurs. When the state x reaches the manifold X � at

point x � , an instantaneoustransition described by a map

x+ = ' (x � ) x � 2 X� (2)

occurs.The set

X+ = ' (X� )

is the setof the statesof the systemimmediately after the impact. For this rea-

son,the setsX� and X+ arecalled, in general,pre- and post-impact manifolds.

In the speci�c application consideredin this paper, they simply represent the

pre- and post-�re conditions of the forest and are therefore called pre- and

post-�r e manifolds. Obviously, �rst-order impact modelsare of no interest be-

causeif n = 1 the manifolds X � and X+ are just two points and their most

complex behavior is just a cycle passingthrough X � and X+ . This is why

impact modelsare usually presented for n � 2.

The model weproposeis a crudesimpli�cation of the real world. Speciesdiver-

sity, agestructure, spatial heterogeneity, and plant physiology are not taken

into account sincewe look only at total biomasses(seeShugart (1984), chap.

6 for a discussion).However, in order to distinguish �res in di�erent layers,we

assumethat the forest is composedof two layers: a lower vegetational layer

(from now on called \bush") that, depending on the forest, is composedof

bryophytes, herbs, shrubs, or any mix of these plants, and an upper vege-

tational layer (from now on called \tree"), in generalcomposedof plants of

various species.The corresponding biomassesare denotedby B (bush) and T
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(tree). The equationsof growth (1) characterizing our model are

_B = rB B(1 �
B

K B
) � � BT

_T = rT T(1 �
T

K T
)

(3)

This means that, in the absenceof �re, trees grow logistically toward the

carrying capacity K T , while plants of the lower layer do not tend toward their

carrying capacity K B becausetree canopy reduceslight availabilit y. A detailed

discussionof the validit y and limitations of eqs.(3) canbefound in Casagrandi

and Rinaldi (1999), where realistic values for the 5 vegetational parameters

(rB , rT , K B , K T , � ) are alsosuggested.

As for the �re, we know (see,for example,Viegas (1998)) that the ignition

phaseis possibleif there is enoughdeadbiomasson the ground (leaves,twigs,

branches, moss,herbs, . . . ). Since the biochemical processesregulating the

mineralization of deadbiomassare relatively fast with respect to plant growth

(Esseret al. (1982);Seastedt(1988)), we can reasonablyassume,on the time-

scaleat which wedescribebushand treegrowth, that the rate of mineralization

(proportional to the amount of dead biomass)equalsthe in
o w rate of new

necromassinto the ground layer (proportional to bush and tree biomass).As

a result, we can considerB and T asappropriate indicators of the abundance

of fuel on the ground. Of course,also the water content of the fuel particles

matters, and, indeed, models for short-term �re prediction often include a

number of relevant factors related with soil moisture. However such factors

vary at high frequencyand can therefore be neglectedif the target is long-

term �re prediction (in other words, if we like to predict within how many

years (or decades)we are going to experiencea new �re we can obviously

forget high frequencyphenomenalike weekly weather variabilit y).
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After this premise,we can specify (seeFig. 1(a)) the pre- and post-�re mani-

folds X� and X+ and the map (2) interpreting the impact of the �re.

Fig. 1 about here

Let us �rst focuson the pre-�re conditionsby noticing that the function T(B)

identifying the manifold X � is piecewiselinear and non increasingand that

the set below the manifold X � is convex. The �rst property is obvious because

lessfuel originated from trees (i.e. lesstrees) is necessaryfor �re ignition if

more fuel originated from bushesis available on the ground.

The secondproperty simply says that if x0 = (B 0; T0) and x00= (B 00; T00) are

two states of the forest at which �re ignition is not possible(i.e. two points

below the manifold X � ) no mix of these two states (i.e. no points of the

segment connectingx0 with x00) can give rise to �re ignition. A formal support

to these two properties, which are here assumedto hold, is available in the

Appendix.

Intuition suggeststhat X � shouldbe a smooth manifold while our choice(see

Fig. 1) hasbeenin favor of a lessrealistic but simplerpiecewiselinear manifold

X� . The reasonfor this choice is that our manifold X � allows one to sharply

identify surface�res (vertical segment of X � ), crown �res (horizontal segment

of X� ) and mixed �res (central segment of X � ). By de�nition, surface�res

do not involve the upper layer, so that the post-�re conditions are on the

vertical segment characterizedby B + = � B � B K B = � B B � . In other words,

� B is the proportion of the lower layer carrying capacity K B at which surface

�res occur and � B is the proportion of the lower layer biomassthat survivesto

surface�res. Similarly, �res in the upper layer are characterizedby a vertical

instantaneoustransition from T � = � T K T to T+ = � T T � . The most extreme
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surface�re is represented by the transition S� ! S+ , while the most extreme

crown �re is represented by the transition C � ! C+ . The assumption that

mixed �res initiate on the segment C � S� implies, by continuity, that post-�re

conditions are on a curve connecting points C+ and S+ . Of course,mixed

�res initiating closeto point C � should end up closeto point C+ . Sincewe

have beenunable to �nd simple suggestionson the shape of the manifold X+

from point C+ to point S+ , we have assumedfor simplicity that mixed-�res

terminate on the segment C+ S+ and preserve the relative distances� and

(1 � � ) from the two extreme points. In formulas, the extreme points of the

pre-�re segment C � S� are

C � = (� B K B ; � T K T ) S� = (� B K B ; � T K T )

and each mixed �re starts from a point (B � ; T � ) belonging to the segment

C � S� , i.e.

B � = � � B K B + (1 � � )� B K B

T � = � � T K T + (1 � � )� T K T

(4)

where 0 � � � 1 (� = 0 and � = 1 correspond to points S� and C � ,

respectively). The extremepoints of the post-�re segment C+ S+ are

C+ = (� B K B ; � T � T K T ) S+ = (� B � B K B ; � T K T )

and the post-�re conditions are

B + = � � B K B + (1 � � )� B � B K B

T+ = � � T � T K T + (1 � � )� T K T

(5)

Thus, the map x+ = ' (x � ) for mixed �res is nothing but the transformation

of point (B � ; T � ) into point (B + ; T+ ). This completesthe description of the
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model. Notice that Fig. 1 has beendrawn for the case� T > � T � R and � B >

� B � B but that eqs.(4, 5) hold for all possiblecases.

The sequenceof the �res can be easily obtained from the model, as shown

in Fig. 1(b). Starting from a given initial condition, say point 0 in Fig. 1(b),

oneintegratesthe di�erential equations(3) until the solution hits the pre-�re

manifold X� at point (B � ; T � ) (seepoint 1� in Fig. 1(b)). From anyone of

the two equations(4) one can derive the value of � associated with point 1�

and then useeqs.(5) for computing point 1+ . Then, the procedureis iterated

and a seriesof �res 2� ! 2+ , 3� ! 3+ ; : : : is obtained.

As pointed out in Fig. 1(b), the tra jectory of the systemis the concatenationof

slow transitions (continuous lines) corresponding to growing phases,and fast

(actually instantaneous)transitions (dotted lines) corresponding to �res. It is

worth noticing that fast transitions canintersectwith slow and fast transitions.

This is why the model can be chaotic even if it is only a second-ordermodel.

3 Results

In this sectionwe show that our second-ordermodel can mimic, for suitable

values of its parameters, the characteristic �re regimesof savannas, boreal

forests, and Mediterranean forests. For each kind of forest we present the

result of a typical simulation and compareit with the result obtained with

the more complex fourth-order model (Casagrandiand Rinaldi (1999)). Sim-

ulations were performed with 4th order Runge-Kutta-Fehlberg method with

5th order error estimate. Impacts of the tra jectory with the pre-�re manifold

X� were detectedwith an adaptive step integration procedurewith absolute
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tolerance of 10� 9. Then, we also show that the distributions of the burned

biomassesin model generated�res have structural properties quite similar to

thoseemergingfrom statistical analysisof the areasburned by �res in numer-

ous large forestsaround the world.

Savannas

A typical seriesof �res in savannasobtained through simulation of the second-

order model is shown in Fig. 2(a). The �res occur every 8 yrs, in good agree-

ment with Rutherford (1981). The cycle, shown in Fig. 2(b), is set up by the

lower layer, and in fact the �re is essentially a surface �re devastating the

herbs (the post-�re bush biomassis only 10% of the pre-�re bush biomass),

while tree biomassremainsalmost constant, asobserved by Hopkins (1965).

The secondrow of Fig. 2 shows very similar results obtained with the fourth-

order model.

Fig. 2 about here

Boreal forests

A typical �re regime of a boreal forest obtained with our impact model is

shown in Fig. 3(a)-(b). In agreement with many data and studies on boreal

forestsat high latitudes, the �res are essentially crown �res and occur every

100 yrs (Yarie (1981)). After a �re, the biomassof the lower layer increases

for 20-30yrs (while conifersgrow very slowly) and then decreasesand reaches

the pre-�re level (manifold X � in Fig. 3(b)) within 60-100yrs aspredicted by
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Viereck (1983).

A very similar �re regime obtained with the fourth-order model is shown in

Fig. 3(c)-(d). Obviously, the two models do not explain special surface�res

(observed in boreal forests),due to litter accumulation on the ground (Kilgore

and Taylor (1979)).

Fig. 3 about here

Mediterranean forests

Using suitable parameter values our impact model points out chaotic �re

regimes.The �rst row of Fig. 4 shows the strange attractor (b) and a 200

yrs long time series(a) extracted from the strangeattractor. Fires are recur-

rent but not periodic: the �re return times vary from 10 to 50 yrs, in good

agreement with a number of studies on two layers forests (Hanes(1971); Le

Hou�erou (1974); Keeley (1977); Schlesingerand Gill (1978); Horne (1981)).

Moreover, some of the �res are surface �res (indicated by S in Fig. 4(a)),

while othersare mixed �res (indicated by M in Fig. 4(a)). Again, quite similar

results can be obtained with the fourth-order model (seesecondrow of Fig.

4).

Fig. 4 about here

Comparison with �eld data

The comparisonof the �re regimesproposedby our second-ordermodel with

real �re regimesis very di�cult, if not impossible.A �rst di�cult y is that the
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model describes the behavior of a natural forest, while the great majorit y of

available data refer to forests where �re-�gh ting e�orts were systematically

performed. A secondand more important obstacleis that data do not refer

to burned biomassesbut rather to burned areaswhich are largely in
uenced

by meteorologicalconditions (Bessieand Johnson (1995)). Under these cir-

cumstances,we can at most hope that somerelevant featuresof forest �res

(detectable from statistical analysesof �eld data) have somesort of analogy

in the model behavior. The most relevant of such features is, undoubtedly,

the power-law distribution of the burned areas.The power law hasbeen�rst

suggestedon the basisof a rather naive interpretation of forest �res in terms of

probabilistic cellular automata (Bak et al. (1990);Drosseland Schwabl (1992))

and then supported by somestatistical analysesof �eld data (Malamud et al.

(1998); Ricotta et al. (1999)). This law would imply that the log-log plot of

the cumulative distribution of the burned areasis a straight line. However,

more recently, Ricotta et al. (2001), Reedand McKelvey (2002) and Telesca

et al. (2005) have shown through statistical analysisof extensive �re records

concerningMediterranean areasin Italy, Spain, Corsica and Greeceand six

regions in North America (Sierra Nevada, Nez Perce,Clearwater, Yosemite,

N. E. Alberta, North West Territories) that the log-logplot of the cumulative

distribution is not a straight line but can be approximated by three straight

segments, asshown in the �rst row of Fig. 5. It is thereforevery interesting to

note (seeFig. 5(c)-(d)) that quite similar log-logplots canbeobtainedby com-

puting the cumulative distributions of burned biomassesin model generated

�res.

Fig. 5 about here
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Moreover, a detailed analysisof the �res generatedby the model shows that

the �res associated to 
at segments of the cumulative distributions are mainly

surface�res while thoseassociated to the steepest part of the cumulative dis-

tributions are crown �res. This suggeststhat the property empirically pointed

out by Ricotta et al. (2001), Reed and McKelvey (2002) and Telescaet al.

(2005)could simply be related with forest morphology, i.e. with the existence

of various layers.

4 Discussion

We have presented a second-ordermodel capableof mimicking all the main

forest �re regimes.This is a quite appreciableresult sincemany problemsin

ecologyhave, sincelong, their paradigmatic second-ordermodel (e.g. Lotka-

Volterra models for competition and predation, Leslie model for two stage

populations, Streeter-Phelpsmodel for biodegradablepollution in rivers and

lakes,SIR model for epidemics,. . . ), forest �res still did not have it.

To our knowledge,the model is alsothe �rst impact model proposedin ecology.

Other impact modelscouldpossiblybeusedfor other ecosystemsin which fast

and devastating events recursively occur. Promising applicationsare plankton

blooms in shallow lakesand insect-pest outbreaksin forests.

Our analysis has shown that the proposedmodel is rather 
exible and can

be adapted to savannas,boreal forestsand Mediterranean forests.Moreover,

the statistical characteristics of the intensity of the �res generatedby the

model resemble thoseemergingfrom the statistical analysisof large data sets

of various forestsin Mediterraneancountries and in North America.
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The analysisof the bifurcations of the model is of great interest, sinceit would

producein a systematicway the whole catalogueof �re regimesdescribed by

the model. However, the solution of this problem is far from being trivial,

sincethe theory of bifurcations of impact models is still incomplete and, on

the top of this, our manifolds X � and X+ are not smooth. A �rst attempt in

this direction (Dercole and Maggi (2004)) has pointed out that the model is

sensitive to the parameters� B and � T which arethe proportions of surfaceand

tree biomassthat survive to surfaceand crown �res, respectively. In particular,

the analysishasshown that the transition from chaotic �re regimes(typical of

Mediterranean forests) to cyclic �re regimes(typical of savannasand boreal

forests) can be rather sharp and interpretable as a so-calledborder collision

bifurcation.

Someproblems concerningthe model could be further explored. The analy-

sis of one or more stochastic versionsof the model would be interesting, for

exampleby letting the set X � of pre-�re conditionsdepend upon meteorologi-

cal conditions.This would certainly amplify the chaoticity of the deterministic

component of the system,thusgiving to weathervariabilit y the role it deserves

(Bessieand Johnson(1995)). The model could also be usedto determine, at

leastqualitativ ely, the most important e�ects that climate changeanddi�erent

management policies(e.g. thinning, grazing,remotemonitoring, etc.) have on

�re frequenciesand intensities. Another issueof practical interest, that could

be explored with our impact model, is the description of �re propagation in

spatially extendedforests.
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Figure captions

Fig. 1 Model behavior. (a) The pre- and post-�re manifoldsX � and X+ ; the

dotted lines with double arrows are the instantaneoustransitions from X �

to X+ due to a �re (seeeq. (2)); horizontal (vertical) lines correspond to

surface(crown) �res in which trees(bushes)are not involved; oblique lines

starting from the segment C � S� of X� correspond to mixed �res. (b) State

portrait of the model; continuous lines with a single arrow represent the

growing phaseof the forest and are described by eq. (3).

Fig. 2 Examplesof �re regimesin savannas.First row: time series(a) and

state portrait (b) obtained with the second-ordermodel (parameter values:

rB = 1:5, rT = 1, K B = 0:4, K T = 0:5, � = 1:5, � B = 0:49, � T = 4,

� B = 0:1, � T = 0:985, � B = 0:1, � T = 0:2). Secondrow: time series(c) and

state portrait (d) obtainedwith the fourth-order model (seeCasagrandiand

Rinaldi (1999) for parametervalues).

Fig. 3 Examplesof �re regimesin borealforests.First row: time series(a) and

state portrait (b) obtained with the second-ordermodel (parameter values:

rB = 0:3, rT = 0:067, K B = 0:1, K T = 3, � = 0:045, � B = 10, � T = 0:98,

� B = 0:2, � T = 0:1, � B = � T = 0:01). Secondrow: time series(c) and

state portrait (d) obtained with the fourth-order model (see Casagrandi

and Rinaldi (1999) for parametervalues).

Fig. 4 Examplesof �re regimesin Mediterraneanforests.First row: time se-

ries(a) and stateportrait (b) obtainedwith the second-ordermodel (param-

eter values:rB = 3=8, rT = 1=16, K B = K T = 1, � = 129=800, � B = 0:85,

� T = 14=15, � B = 0:6, � T = 0:35, � B = � T = 10� 4). Secondrow: time

series(c) and state portrait (d) obtained with the fourth-order model (see

Casagrandiand Rinaldi (1999) for parametervalues).The arrows M and S



point out mixed and surface�res.

Fig. 5 Examplesof �re statistics. First row: cumulativedistributions (number

of �res) of burned areasin (a) Alicante region, 1973-1996(obtained from

Ricotta et al. (2001))and (b) Garganoregion,1997-2003(b) (obtained from

Telescaet al. (2005)). Secondrow: cumulative distributions (proportion of

�res) of burned biomassesobtained with the second-ordermodel for two

parametersettings ((c): r B = 0:3, rT = 0:067,K B = 0:7, K T = 3, � = 0:03,

� B = 0:8605,� T = 0:98, � B = 0:465, � T = 0:4, � B = � T = 10� 4; (d): as in

(c) exceptK B = 1, � = 0:0375,� B = 0:84, � T = 0:405).
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App endix

The fourth-order model described in Casagrandiand Rinaldi (1999) is the

following

_B = rB B(1 �
B

K B
) � � BT � � B

B
B + hB B

FB � 
 B
B

B + hB T
FT (A.1)

_T = rT T(1 �
T

K T
) � � T

T
T + hT T

FT � 
 T
T

T + hT B
FB (A.2)

_FB = � B
B

B + hB B
FB + 
 B

B
B + hB T

FT � � B FB (A.3)

_FT = � T
T

T + hT T
FT + 
 T

T
T + hT B

FB � � T FT (A.4)

where B and T [FB and FT ] are the non-burning [burning] biomassesof the

lower and upper layers of the forest, and all lower-caseletters, as well as K B

and K T , are constant parameters.If there is no �re, i.e. if FB = FT = 0, the

model describesthe growing phaseof the forest and reducesto eqs.(3).

If we are interestedin determining the pre-�re manifold X � , we must simply

determine the pairs (B ; T) at which a growing forest settles the conditions

for �re ignition and propagation. For this we can analyze eqs. (A.3, A.4)

which describe the dynamicsof the �re. If there is no �re, system(A.3, A.4)

with B and T frozen at their current values, is at the trivial equilibrium

FB = FT = 0. If this trivial equilibrium is stable, a small accidental �re

(i.e. a small positive perturbation of FB and FT ) will not have the chance

to propagate. By contrast, the samesmall accidental �re will propagate if

the trivial equilibrium is unstable. Thus, the pre-�re manifold X � can be

interpreted as the set of values (B ; T) at which the trivial equilibrium of

system (A.3, A.4) becomesunstable. But system (A.3, A.4) with B and T



frozen is a linear systemwith Jacobianmatrix given by

J =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

� B
B

B + hB B
� � B 
 B

B
B + hB T


 T
T

T + hT B
� T

T
T + hT T

� � T

3

7
7
7
7
7
7
7
7
7
7
7
7
5

For relatively small valuesof B and T, the diagonalelements of J arenegative

(see Casagrandiand Rinaldi (1999)) since � B and � T are high. Indeed, � B

and � T are the rates of decay of the �res when there is nothing to burn (i.e.

_FB = � � B FB if B = T = 0, and similarly for crown �res). Thus, the transition

to instabilit y of the Jacobianmatrix is simply revealedby the annihilation of

its determinant, i.e.

(� B
B

B + hB B
� � B )( � T

T
T + hT T

� � T ) � 
 B 
 T
B

B + hB T

T
T + hT B

= 0 (A.5)

This condition implicitly de�nes a function T(B) which corresponds to the

pre-�re manifold X� . Taking the �rst and secondderivativeswith respect to

B of eq. (A.5) with T = T(B), oneobtains two relationshipsinvolving T 0(B )

and T00(B ), which can be usedto prove that

T0(B ) < 0 T00(B ) < 0

i.e. that the function T(B) is decreasingand the set T � T(B) is convex.

The proof is quite simple if hB B = hT T = hB T = hT B = h, which is actually

the caseconsideredin all simulations of Mediterranean forests presented in

Casagrandiand Rinaldi (1999). In fact, in such a case,eq. (A.5) can be solved

with respect to T and gives

T =
aB � b
cB � d

(A.6)



where

a = (� T + h)(� B � � B )

b = (� T + h)� B h

c = (� T � � T )( � B � � B ) � 
 B 
 T

d = (� T � � T )

Assuming that each layer can burn provided its biomassis in�nitely large,

from eqs.(A.3) and (A.4) we obtain

� B > � B � T > � T

which imply that the 4 parametersa, b, c, d are positive, since 
 B and 
 T

(the inter-layers �re attack rates) are small (Casagrandiand Rinaldi (1999)).

Moreover,
bc
ad

= � B h �

 B 
 T

(� B � � B )( � T � � T )
< � B h

so that

bc< ad

since � B h is smaller than 1 (seeTable 2 in Casagrandiand Rinaldi (1999)).

Thus, from eq.(A.6) it followsthat the function T(B) is positive in the interval

0 < B <
b
a

while its �rst and secondderivatives

T0(B ) =
bc� ad

(cB � d)2
T00(B ) =

2(ad � bc)c
(cB � d)3

are negative in the sameinterval.

In conclusion,the fourth-order model of Casagrandiand Rinaldi (1999) sug-

gests that the pre-�re manifold X � is a smooth manifold decreasingwith



respect to B and that the set below the manifold X � is a convex set.


